An accurate and efficient approach for transverse electric (TE) scattering analysis by objects embedded in multilayers is proposed in this paper. Through recursively applying the surface equivalence theorem from innermost to outermost boundaries, an equivalent model with surface current sources enforced on the outermost boundary of the original object can be obtained. By further incorporated with the differential surface admittance operator, only single electric current source is required. Compared with other surface integral formulations, like the PMCHWT formulation, only one type of unknowns is required to be enforced on the outermost boundary in the proposed formulation. Therefore, the overall count of unknowns can be significantly reduced. In addition, it is found that the conditioning of the final system is improved compared with the PMCHWT formulation. Although overhead is required to derive the surface equivalent current density, the overall efficiency improvement is still significant. As numerical results shown, only a very small fraction amount of unknowns and CPU time, 18% of unknowns and 87% CPU time of the PMCHWT formulation in our simulations, is possibly needed for the proposed formulation.
I. INTRODUCTION
T HIS paper proposed a novel single-source surface integral equation for transverse electric (TE) scattering by two dimensional objects embedded in multilayers. It is more involved than the scalar transverse magnetic (TM) problems. A number of efforts have been made to solve the TE scattering problems. One of the most widely used surface equation (SIE) based approach is the Poggio-Miller-Chan-Harrington-Wu-Tsai (PMCHWT) formulation [1] . In it, both electric and magnetic current densities are required on each interface of different homogeneous media. Therefore, a large system equation needs to be solved when the number of interfaces is large. Several equivalence principle algorithms (EPAs) with both electric and magnetic current densities are proposed to solve scattering problems [2] . Results show that significant performance improvement can be obtained. To further improve the efficiency, several single-source formulations are proposed to model penetrable objects [3] - [5] . Recently, a single-source SVS formulation is proposed to solve the TE scattering problems on penetrable objects [6] . It can significantly improve the Manuscript efficiency compared with the volume integral equation (VIE). Another single source surface integral equation incorporated with the differential surface admittance operator is proposed to solve the three dimensional scattering problem [7] and then extended to model antenna array [8] . However, when objects embedded in multilayers, all these formulations still require to solve a large system equation and suffer from the problem stated above.
In this paper, a novel surface integral formulation is proposed to solve the TE scattering problems on objects embedded in multilayers. We recursively applied the surface equivalence theorem [9] from the innermost to outermost boundaries and derived an equivalent model, in which objects are replaced by the background medium. Through incorporating with the differential surface admittance operator [10] , only single electric current density is required to be enforced on the outermost boundary. It should be noted that the proposed approach is different from the formulation in [11] , in which a recursive Green function is constructed through recursively uniting fictitious cells. However, the proposed approach directly uses the surface equivalence theorem on each interface and derives the equivalent current density. In [12] , [13] , we reported this idea to solve the TM scattering problem. This paper greatly extends our previous work, which only solve the scalar TM scattering problems, for more practical vector TE scattering.
II. METHODOLOGY

A. The Problem Configuration
The TE scattering on penetrable objects with arbitrary shapes embedded in multilayers are considered as shown in Fig. 1 parameters i , σ i and µ i is enclosed by two adjacent enclosed boundaries γ i−1 and γ i . The background medium is air with constant material parameters 0 , σ 0 and µ 0 . Each interface is discretized with N 1 , N 2 , ..., N n line segments. One implication in our formulation is that each interface does not touch each other. A TE-polarization plane wave incidents from the exterior region. According to the equivalence theorem [9] , the scattering fields can be regarded as those in the exterior region generated by electric and magnetic current densities on a closed boundary enclosing the objects. Since fields outside objects are interested in our study, fields inside objects can be arbitrary. Therefore, an equivalent model with only the electric current density J n enforced on the outermost boundary can be obtained and the penetrable objects are replaced by the background medium as shown in Fig. 1(b) . Some symbol notations are listed below: a bold character with both a superscript and a subscript, like U k (i,j) , denotes a matrix, where the superscript represents that this matrix is related to the surface equivalence theorem applied for the kth time and the subscript (i, j) denotes the source boundary is γ i and the testing boundary is γ j . A bold character with only a subscript, like E i , denotes a vector on γ i . A quantity with a denotes it is for the equivalent problem.
B. Single-source Surface Integral Equation for A Penetrable Object
A single penetrable object with constant parameters 1 , σ 1 , and µ 1 and the boundary γ 1 as shown in Fig. 2(a) is first considered. In [7] , a single-source integral formulation based on the differential surface admittance operator for three dimensional scattering is proposed. This idea is also used in our derivation. We only highlighted some key points and interested readers are referred to [7] for more details.
According to the Stratton-Chu formulation [9] , the electric field E inside γ 1 can be expressed [9] as
where
where E and H are electric and magnetic fields inside γ 1 , n denotes a unit normal vector pointing to the interior region of γ 1 , the Green's function is G(r, r ) = −j/4H (2) 0 (k|r − r |), and H 2 0 (·) is the zeroth order Hankel function of the second kind, T = 1/2 when r and r are located on the same boundary, otherwise, T = 1.
The vector basis function ρ n (r ) [14] is used to expand n × E and n × H, which is defined as
where ρ n (r ) is the nth basis function, l n and l n+1 are the length of the nth and (n + 1)th segments and r i n−1 , r i n , r i n+1 are the endpoints of the nth and (n + 1)th segments, respectively, as shown in Fig. 1(b) . Therefore, n × E and n × H can be expanded as
n × H = h n 1 ρ n (r ).
Then, the Galerkin scheme is used to test Equ. (1) and we obtain
The entities of matrixes U 1
(1,1) , L 1 (1,1) and K 1 (1,1) are expressed as
Through some mathematical manipulations, we get
where Y 1 is the surface admittance operator [10] for the original problem.
After the surface equivalence theorem [9] is applied, the penetrable object is replaced by its surrounding medium and surface equivalent current density is introduced to ensure fields in the exterior region unchanged. With similar procedure above, we obtain
where Y 1 is the surface admittance operator [10] for the equivalent problem. , , Fig. 3. (a) The TE scattering problem upon object embedded in a twolayered medium and the innermost penetrable object replaced by an equivalent current density, (b) the equivalent model in which the object is replaced by the background medium and only an equivalent electric current density enforced on γ 2 .
Therefore, the surface equivalent electric current density can be expressed as
where J 1 is the coefficient column vector when the equivalent current density on γ 1 is discretized by the basis function ρ n (r ) and Y γ1 is the differential surface admittance operator [10] . Magnetic current density is not required since we keep electric fields on the inner side of γ 1 in the original and equivalent problems unchanged.
C. Single-source Surface Integral Equation for A Two-layered Medium
Let's consider a two-layered medium in this subsection. For this scattering problem, our goal is to derive a surface equivalent electric current density enforced on the outermost boundary γ 2 through recursively applying the surface equivalence theorem from γ 1 to γ 2 . After the inner penetrable object inside γ 1 is modeled through the approach presented in the previous subsection, a surface equivalent current density J 1 is obtained and enforced on γ 1 as shown in Fig. 3(a) . Compared the equivalent model in Fig. 3 (a) with that in Fig. 2(a) , they are almost the same except that an equivalent current density J 1 is enforced on γ 1 .
Then, the electric field inside γ 2 can be expressed through the Stratton-Chu formulation [9] as
where T = 1/2 when r and r are located on the same boundary, otherwise, T = 1.
The tangential electric field n ×E, the magnetic field n ×H and the electric current density J 1 are expanded through the vector basis function ρ n (r ) and the Galerkin scheme is used to test Equ. (15) on γ 1 and γ 2 , respectively. Two matrix equations are obtained as
H 2 denote the coefficient column vectors of the current density on γ 1 and tangential electromagnetic fields on γ 2 , respectively. By substituting Equ. (14) into Equ. (16), moving the last term on the right side of Equ. (16) to its left side and then inversing the square coefficient matrix, we obtain
(18) By substituting Equ. (14) and Equ. (18) into Equ. (17) and rearranging each term, the relationship between the tangential electric and magnetic field on γ 2 can be expressed as
and
After the surface equivalence theorem is applied on γ 2 , the object is replaced by the background medium and there is no current source inside γ 2 as shown in Fig. 3(b) . With the similar procedure in the previous subsection, we obtain
According to the surface equivalence theorem [9] , the surface equivalent electric current density on γ 2 can be expressed as
Y γ2 is the differential surface admittance operator on γ 2 , which relates the tangential electric field to surface equivalence current density.
D. Extension of the Proposed Formulation for Objects Embedded in Multilayers
For objects embedded in multilayers, the TE scattering fields caused by objects can be still equivalent to the scattering fields generated by a single electric current density on the outermost boundary γ n . To generalize the proposed approach for such objects, the surface equivalence theorem is recursively applied from γ 1 to γ n , eventually we can obtain the equivalent current density J n on γ n . The procedure is similar to that in the previous subsection. Then, we get
where Y γn is the differential surface admittance operator on γ n , which relates the tangential electric field to surface equivalence current density on γ n . With the definition of the surface equivalent current density in Equ. (24), the scattering problem can be accurately solved through combing the electric field integral equation (EFIE). 
III. NUMERICAL RESULTS AND DISCUSSION
A complex structure with three dielectric 120-degree sectorshaped objects with r 1 = 0.5m and ε r1 = 9 surrounded by three concentric cylinders is shown in Fig. 4 . The parameters of dielectric cylinders are r 2 = 1m, r 3 = 1.5m, r 4 = 2m and the relative permittivities ε r2 = 6.25, ε r3 = 4, ε r4 = 2.25. The background medium is air. A plane wave with f =300 MHz incidents from the x-axis. The radar cross section (RCS) is calculated from the proposed method, the PMCHWT formulation and the COMSOL. The reference RCS obtained from the COMSOL with extremely fine mesh. The averaged length of segments used to discretize all the boundaries are λ 0 /20, where λ 0 is the wavelength in the free space. It should be noted that this discretization correpsonds to λ/6.7 inside the sector-shaped object with ε r1 = 9. The workstation with Intel i7-7700 3.6 GHz CPU and 32G memory is used for all the experiments. Our codes run only on a single thread and there is no parallel computation for fair comparison. Fig. 4 shows that the RCS obtained from three approaches. It is easy to find that results obtained from the proposed approach are in excellent agreement with those from the COMSOL and the PMCHWT formulation. For the PMCHWT formulation, it requires 1, 388 unknowns to solve this problem. However, only 252 unknowns are required for the proposed approach. Since only the electric current density is enforced on the outermost boundary rather than both the electric and magnetic current densities on all the interfaces in the PMCHWT formulation, significant less unknowns are required. In this simulation, the proposed approach only needs 18% unknowns of the PMCHWT formulation. The overall computational time to solve this problem for the PMCHWT formulation is 483 seconds. Although overhead is required to derive the equivalent current density on the outermost boundary, only 424 seconds is needed for the proposed approach. As the count of interfaces increase, this efficiency improvement can be more significant. In addition, the condition number of the final linear system for the PMCHWT formulation and the proposed approach is 52, 382 and 293, respectively. The proposed approach shows much better conditioning since fine geometry details are only implicitly embedded in final system unlike in the PMCHWT formulation, where all these are directly coupled into the final system. Therefore, like formulations [2] , [8] , the proposed approach can significant improve the conditioning and then the convergence properties. Fig. 5 shows that the relative error with respect to averaged count of segments per wavelength in the free space. The relative error is defined as
where RCS cal (φ i ) denotes results calculated from the proposed approach and RCS ref (φ i ) is the reference obtained from the Comsol with extremely fine mesh. It can be found that the relative error of the proposed approach decreases as the count of segments per wavelenght increases. When the count is less than 16, the relative error exponentially convergents. Then after the count is larger than 20, the improvement of accuracy is less significant. As shown in Fig. 5 , when 20 segments per wavelenght in the free space is used, which corresponds to λ/6.7 inside the sector-shaped object, the relative error almost reaches 10 −3 . Therefore, the proposed approach shows quite good convergence property in terms of mesh size.
IV. CONCLUSION
In this paper, a novel single-source SIE is proposed to solve TE scattering problems on objects embedded in multilayers. The proposed approach only needs a single electric current density on the outermost boundary, which can be derived by recursively applying the surface equivalence theorem on each boundary from inner to exterior regions. Compared with the PMCHWT formulation, the proposed approach can significantly improve the efficiency in terms of overall count of unknowns, CPU time and conditioning of linear system. Numerical results validate its accuracy, efficiency and convergence property. Extension of current work into three dimensional case to solve more practical engineering problems is in progress and we will report more results upon this topic in the future.
